Available online at www.sciencedirect.com

sc.sucs@o.“m

International Journal of Heat and Mass Transfer 48 (2005) 5338-5353

International Journal of

l'IEAT and MASS
TRANSFER

ELSEVIER

www.elsevier.com/locate/ijhmt

Modelling of multi-component gas flows in
capillaries and porous solids

J.B. Young *, B. Todd

Hopkinson Laboratory, Cambridge University, Engineering Department, Trumpington Street, Cambridge CB2 1PZ, UK

Received 2 March 2005
Available online 6 October 2005

Abstract

The paper presents a derivation of the governing equations for multi-component convective-diffusive flow in capil-
laries and porous solids starting from a well-defined model and clear assumptions. The solution for the continuum
regime is discussed in detail including a derivation of the diffusion slip boundary condition based on an improved
momentum transfer theory. The Stefan—-Maxwell species momentum equations are also re-examined and important dis-
tinctions made between the local and tube-averaged equations. An equation for the pressure gradient is derived and
some examples of binary flows in capillaries are discussed. The theory for free-molecule flow is standard but the equa-
tions are recast into a form identical to the continuum equations which suggests an obvious method of interpolation for
flow at arbitrary Knudsen number. There are no problems concerning viscous terms which have marred other deriva-
tions. The extension to flow in porous bodies is achieved by introducing a porosity—tortuosity factor but, unlike other
treatments, this parameter is not absorbed into the gas diffusivities and flow permeability. It can then be eliminated
from all but one of the equations and, with appropriate boundary conditions, the flux ratios can be obtained in terms
of a mean pore radius only. The porosity—tortuosity parameter simply controls the absolute flux level and is best inter-
preted as a length scale-factor. The theory is applied with success to the prediction of some experimental data for
helium-argon counter-diffusion and it is shown that, contrary to common belief, the mean pore radius is well-defined
by flux ratio measurements if these are made with non-zero pressure differences.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

This paper deals with the theory of multi-component
gas transport in capillaries and porous solids. The engi-
neering importance of the subject is evident from the
large number of papers published over the last half cen-
tury, particularly in the field of catalysed reactive flows.
A recent research area, of particular interest to the
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authors, is solid oxide fuel cell technology where diffu-
sion of fuel gas components and reaction products
through the electrodes and porous ceramic support
structure can be a limiting factor in the electro-chemical
operation of the devices [1].

The two main theories in practical use are the dusty
gas model (DGM) and the mean pore transport model
(MPTM). The DGM was introduced by Evans et al.
[2,3] and these two papers provide an account of the the-
ory which is clearer and more well-balanced than the
later, more frequently-cited monograph by Mason and
Malinauskas [4]. The MPTM is associated with the work

0017-9310/$ - see front matter © 2005 Elsevier Ltd. All rights reserved.

doi:10.1016/j.ijheatmasstransfer.2005.07.034


mailto:jby@eng.cam.ac.uk

J.B. Young, B. Todd | International Journal of Heat and Mass Transfer 48 (2005) 5338-5353 5339

Nomenclature

coefficient in pressure gradient equation

molar density

flow coefficient at arbitrary Kn

binary diffusion coefficient

Knudsen flow coefficient

diffuse reflection coefficient

mass flux (per unit cross-sectional area)

molar flux (per unit cross-sectional area)
permeability

Knudsen number

molar mass

pressure

tube or mean pore radius

molar gas constant

radial co-ordinate

temperature

velocities in the mass and molar systems
mean molecular random speed

mole fraction
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Y mass fraction

y distance from wall (R — r)

z distance through porous slab
€ porosity

A mean free path of a gas molecule
u dynamic viscosity

p mass density

T tortuosity

14 streamwise co-ordinate
Subscripts

C continuum flow Kn — 0

K free-molecule flow Kn — oo
conv convective component

diff diffusive component

m mass- or molar-mean

r, s gas species r, §

w evaluated at the tube wall

of Rothwell [5], Schneider [6], Arnost and Schneider [7]
and others. The two theories are based on completely
different physical models but, remarkably, the resulting
equations are almost the same. A comparison can be
found in the monograph by Jackson [8] and a recent ap-
praisal, highly critical of the formalism of the DGM, is
given by Kerkhof [9]. In the same paper Kerkhof
proposes a modified MPTM theory called the binary
friction model (BFM) and in Kerkhof et al. [10] yet
another version, the velocity profile model (VPM), is
introduced.

Unfortunately, none of these authors have been able
to resolve the problem of algebraic complexity which
besets the subject and causes serious difficulties of under-
standing. Everyone, it seems, has his own set of working
equations and it appears to be a characteristic of the sub-
ject that the physical bases and assumptions somehow
get lost in the development, with the result that it is ex-
tremely difficult to make informed comparisons between
the different formulations. The present paper is an at-
tempt to improve the situation by establishing a baseline
theory with a clear derivation. Interestingly, the resulting
mathematical simplification provides new insight and a
physical interpretation which is quite different from the
traditional way of visualising diffusive flow in porous
solids. The new theory is related to the MPTM and
BFM but is referred to here as the cylindrical pore inter-
polation model (CPIM) to emphasise the differences.
Introducing yet another acronym into an already well-
endowed field is undeniably presumptuous but the
subject is in need of clarification and it is hoped that
the CPIM will help to fulfill this objective.

Most applications of diffusive flow in porous media
involve chemical reactions but these are not considered
and the flow is assumed to be non-reacting and isother-
mal. Surface diffusion along the walls of the pores is also
neglected. These and other complexities can be added at
a later stage but the emphasis here is on simplicity and
physical understanding.

2. The competing theories

The DGM of Evans et al. [2,3] starts from the
assumption that the flow of a gas mixture through a
porous solid is similar to the flow through a random
array of solid spheres. The kinetic theory of gases is
then used to establish the governing equations, the
spheres being treated as an extra species of high molec-
ular mass and large size, held in place by external
forces. There are problems both with the physical model
and the mathematical development and some of these
have recently been highlighted by the careful decon-
struction work of Kerkhof [9]. The present authors
agree with Kerkhof’s analysis and have rejected the
DGM as a suitable foundation on which to construct
a viable theory.

In contrast, the MPTM, BFM and VPM are all based
on much sounder physics. Each model differs in impor-
tant details but the common starting points are the ana-
lytical solutions for continuum, slip and free-molecule
flow in straight capillary tubes. Equations for flow at
transitional Knudsen numbers are obtained by inter-
polation and the porosity and tortuosity of the medium
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are represented by empirical factors, sometimes in a
rather arbitrary way.

This general description serves equally well for the
CPIM of the present paper. However, the CPIM is dif-
ferentiated from its competitors by a rigorous treatment
of continuum flow, a clearer interpolation procedure for
transitional flow, and a compact form of the working
equations which helps to clarify the roles of the govern-
ing parameters. MPTM theory is not standardised and
different forms appear in the literature. Sometimes this
is because the model assumptions are genuinely different
but often it is because of unclear physical foundations or
errors of derivation stemming from imprecise flux defini-
tions, mass-molar transformation errors, incorrect treat-
ment of the viscous-flow term and so-on. The CPIM
theory, it is hoped, is at least unambiguous in its deriva-
tion from clear basic assumptions.

3. Definitions of fluxes and velocities

At the outset, it is important to define the various
fluxes and velocities consistently. Many authors omit
this essential first step with the result that ambiguity
creeps into their work. In this paper, the standard
decomposition for convective-diffusive flows is used as
described in Spalding [11] and many other textbooks.

Let p, and ¢, be the mass and molar densities of gas
species-s and let Yy and X, be the mass and mole frac-
tions. If p and ¢ are the mass and molar densities of
the gas mixture, then

po=Yp, D po=p Y Y.=1 (1a)
¢, = X,e, Zc.\vzc, ZX.‘.zl (1b)

where the summations with respect to s are over all N
species present.

All flows are assumed to be in straight cylindrical
pores (with distance ¢ measured along the pore) so vec-
tor notation is not required. Let G, and J; be the total
mass and molar fluxes of species-s in the &-direction
(the term flux means flow per unit cross-sectional area).
It should be noted that G, and J, vary with radius r and
do not represent pore-averaged values. The total mass
and molar fluxes, G and J, also vary with r and are given
by

G=> G, (2a)
J=Y U (2b)

The G, and J; are now decomposed into convective and
diffusive parts. The convective fluxes are defined by the
relations Geony,s = YG and Jeony s = XJ and this defini-
tion ensures that the diffusive fluxes Gugy and Jym,
always sum to zero. Thus:

Gy = Y,G + G s (Z Gairrs = 0) (3a)
Js =XJ +Jdise s (Z Jaiers = 0) (3b)

Correct conversion between mass and molar forms is
very important. If M is the molar mass of species-s, then
Gy= M,J; but, in general, Geonys # MsJcony,s and
Gaifts # MJais. Also, if M =3 MX, is the mean
molar mass of the mixture, then in general G # MJ.

Various velocities can be defined in relation to the
fluxes. Thus, u, and v, (the total mass/molar velocity
of species-s), ugirs and vgir, (the mass/molar diffusion
velocity of species-s) and u,, and v,, (the mass/molar
mean velocity) are defined by

Gx = PUs Js = CsUs (43)
Gdiff‘x = P Udifr s Jditrs = CsUdifr s (4b)
G= Py J =cuv, (40)

from which it follows that u; = u,, + uggs Us=0,+
vaifr,s and v, = u,. Use of the species velocities can cause
confusion, however, and in the main text the analysis is
couched completely in terms of fluxes. Velocities are
only used where necessary in Appendices 1 and 2.

Many authors (e.g., [6]) use a non-standard formal-
ism in which G, and J; are split into what are termed
forced and diffusive fluxes. Although these are not de-
fined precisely, the forced fluxes seem to be those associ-
ated with a pressure gradient while the diffusive fluxes
represent the remainder. This approach is invariably
problematic because the diffusive fluxes no longer sum
to zero. Also, the physics becomes obscured and ambi-
guities, not easy to resolve, arise concerning a so-called
viscous flow term. Non-standard flux decomposition is
therefore not to be recommended (see also Kerkhof [9]
on this topic).

4. Continuum flow in a straight pore

The analysis starts by considering multi-component
flow in a single pore. Single-component, fully-developed,
laminar viscous flow in a straight capillary tube of radius
R at the continuum limit of very small Knudsen number
is known as Poiseuille flow and the solution for the mass
flowrate in terms of the applied pressure gradient has
been known for centuries. However, when the fluid is
a multi-component mixture of ideal gases diffusing lon-
gitudinally the problem is much more complicated.

An analysis for the special case of the equimolar
counter-diffusion of a binary mixture was first given by
Kramers and Kistemaker [12] and this was extended to
more general multi-component flows by Jackson, see
Chapter 4 of [8]. Given that binary Poiseuille flow is
one of the most fundamental examples of convective-dif-
fusive flow, it is surprising that these works are seldom



J.B. Young, B. Todd | International Journal of Heat and Mass Transfer 48 (2005) 5338-5353 5341

quoted. Indeed, the usual textbook analysis of equi-
molar diffusion ignores the effect of the tube walls
completely and thereby arrives at a result which is at
variance with a substantial number of experimental
studies leading all the way back to the 19th century work
of Graham, see Chapter 6 of [8]. Graham’s empirical law
of diffusion is often mentioned in textbook introductions
but the theory of later chapters seemingly contradicts it,
usually without explanation. The problem can be traced
to the wall boundary condition.

4.1. The wall boundary condition

In single-component viscous flow the condition of
zero velocity applied at solid boundaries is a reliable,
well-established approximation. Indeed, so strongly is
the no-slip condition embedded in the fluid dynamicist’s
psyche that even in binary or multi-component flow, the
mass-mean flow velocity at a wall is usually set to zero
without further consideration, for example as in Mills
[13]. For capillary flow, however, this assumption is
incorrect and may generate serious errors if the convec-
tive contributions are small and there is a large disparity
in the molar masses of the gas components.

Kramers and Kistemaker [12] were the first to exam-
ine the wall boundary condition in detail. As shown in
Fig. 1, they considered an infinite expanse of a constant
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Streamwise distance
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@ >
]
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] >
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free path 4 | | |
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Fig. 1. Illustrating mass diffusion slip for a binary mixture
(M < M,) near a solid surface in the presence of a streamwise
mass fraction gradient. For y <1 the molecular velocity
distribution functions of the gas species are non-Maxwellian
and the dashed lines represent extrapolations to the wall of the
(constant) values in the bulk.

pressure binary gas mixture adjacent to a solid wall.
Using elementary kinetic theory, they predicted that,
in the presence of a concentration gradient parallel to
the wall, the mixture would flow along the wall with
non-zero mass-mean velocity. They called this phenom-
enon diffusion slip.

Diffusion slip is different from viscous slip which is a
well-known effect occurring in tube-flow when the pres-
sure is such that the molecular mean free path 4 is a sig-
nificant fraction of the tube radius (Kn = A/2R>0.1).
The slip (or extrapolated) velocity at the wall is then pro-
portional to the velocity gradient near the wall. Viscous
slip vanishes at the continuum limit and this is, of
course, the origin of the no-slip boundary condition of
continuum fluid mechanics.

In multi-component tube-flow diffusion slip is impor-
tant at all Knudsen numbers and exists even when the
streamwise pressure gradient is zero. Viscous slip is
important only when Kn> 0.1 and there is an applied
pressure gradient resulting in a parabolic velocity pro-
file. The combined effect of the two phenomena was ana-
lysed by Jackson [8] by amalgamating the Kramers and
Kistemaker theory with viscous slip theory as described
by Kennard [14].

Jackson’s result was obtained using the simplest pos-
sible kinetic model for momentum transport in gas mix-
tures. However, it has been known since the time of
Maxwell that this model is not successful at predicting
the viscosity of mixtures if the component gases have di-
verse molar masses. An improved theory was developed
by Sutherland [15]. This embodied the correct physics
but required an empirical adjustment to give agreement
with the experimental measurements of the time. Later,
Sutherland’s theory formed the basis of the viscosity pre-
diction method of Wilke [16] which, according to Poling
et al. [17], is still considered to be one of the best avail-
able for gas mixtures. An outline of Sutherland’s theory
is given in Appendix 1.

It is straightforward to modify Jackson’s theory to in-
clude Sutherland’s momentum transport model and the
details are given in Appendix 1. Surprisingly, the expres-
sion for the diffusion slip velocity in the continuum limit
turns out to be unaltered from Jackson’s result (which
itself is just a multi-component version of the Kramers
and Kistemaker expression). In the viscous slip-flow re-
gime, Sutherland’s model does indeed make itself felt but
this result is not actually required for the present theory.
As noted in Section 3 above, it is generally more conve-
nient to work in terms of fluxes rather than velocities
and the results of Appendix 1 are therefore converted
to this form. Thus, for continuum flow only, the mass-
mean and molar-mean diffusion slip fluxes at the tube
wall, G(R) and J(R), are given by,

_ ZM;l/zGdiff,s

(5a)



5342 J.B. Young, B. Todd | International Journal of Heat and Mass Transfer 48 (2005) 5338-5353

_ S MY i

RS

(5b)

where it has been assumed in the derivation that the dif-
fuse reflection coeflicients for all gas molecules impact-
ing the wall are equal. Gairs and Jgir, are the mass
and molar diffusion fluxes which, under the assumptions
of the present theory, are constant over the tube cross-
section (see Section 4.2 below for justification). For a
binary mixture, Eq. (5a) written in terms of velocities
is identical to Eq. (9) of Kramers and Kistemaker [12].

A near-wall kinetic theory analysis can also be found
in the MPTM derivation by Schneider [6] but this paper
is difficult to interpret because of the non-standard
decomposition into forced and diffusive fluxes men-
tioned previously. Schneider’s theory certainly allows
for viscous slip but his Eq. (18) shows that, for zero
pressure gradient, all component velocities at the wall
vanish. This seems to imply that diffusion slip has not
been included.

Clearly, care is required in dealing with the wall con-
dition and the comparatively crude analysis leading to
Eq. (5) is itself open to criticism. Over the years, there
have been attempts to improve on the situation through
direct molecular dynamics simulations, e.g., Mo and
Rosenberger [18], and by solving model versions of the
Boltzmann equation in the near-wall region, e.g., Kanki
et al. [19], Takata et al. [20] and Sharipov and Kalempa
[21]. Most of this work is mathematically complex and
difficult to assess, and sometimes involves restrictive
modelling assumptions. Nevertheless, it is worth noting
the ‘exact’ solution of the BGK equation by Lang and
Loyalka [22] which might be of value for testing the
accuracy of the simple models. In summary, the more
complex theories indicate that the diffusion slip flux
probably depends on the sizes as well as the masses of
the molecules involved, although the form of this depen-
dence has not been expressed explicitly. A proper assess-
ment requires a major exercise which is outside both the
scope and spirit of the present paper.

4.2. The Stefan—Maxwell equations

In continuum flow, the component fluxes are related
to the mole or mass fraction gradients by the Stefan—
Maxwell equations. Kinetic theory provides a rigorous
derivation of these equations for a uniform velocity field
[23] but the question arises as to whether a non-uniform
velocity field resulting in cross-stream momentum trans-
fer (as in Poiseuille flow) also affects the diffusive fluxes.
This is an important point because the BFM theory of
Kerkhof [9] and the VPM theories of Kerkhof et al.
[10] all start from modified forms of the Stefan-Maxwell
equations which include extra shear stress related terms
which affect the diffusive fluxes. As these modifications
add considerably to the complexity of the analysis and

also tend to obscure the underlying physics, it is impor-
tant to assess the significance of the corrections. The
problem is considered in Appendix 2 where a kinetic
theory derivation of the Stefan—Maxwell equations is
presented showing exactly how the extra shear stress
terms advocated by Kerkhof et al. arise. It is concluded
that, given the uncertainty in modelling the collisional
momentum transfer terms in the presence of velocity
gradients, inclusion of the Kerkhof terms cannot really
be justified at the present time. Furthermore, as noted
above, neglect of these terms has the substantial advan-
tage that the resulting analysis is far simpler and more
physically informative. To see this, the present analysis
should be contrasted with that of Kerkhof et al. [10].
Accordingly, the mass and molar forms of the basic
Stefan—-Maxwell equations (written in terms of the total
component fluxes rather than the diffusive fluxes) are,

dy, Y,G, Y.G,

PaE = &DB)ﬂ - (DB)‘,] (62)
o, X X

3 =2 {(Dwm (DBLJ (6b)

where (Dg),s = (Dg),, is the binary diffusion coefficient
for a mixture of gas species r and s. The Chapman—
Enskog expression for (Dg),, is

3 2R,T (1 1\]"
D - - |y
(D), 16na2 Q,, { 7 (MS + M,)} ()

where n is the number density of molecules, oy, is the
collision diameter of the s—r molecule pair and Q,, is a
factor of order unity which depends on the intermole-
cular force.

There are N equations of the form of Eq. (6) (one for
each component) but only N — 1 are independent be-
cause the mole or mass fractions sum to unity. Some-
times, contributions from thermal and pressure
diffusion (see Appendix 2) are also included as in Mason
and Malinauskas [4], but the gain in accuracy is ques-
tionable and such terms are best neglected unless there
are good reasons for their inclusion.

More generally, the Stefan—Maxwell equations are a
set of vector equations of which Eq. (6) represent the
streamwise components only. Consideration of the ra-
dial components in the context of Poiseuille flow shows
that Y, and X; are independent of radius and only vary
with &. This justifies the use of the total derivatives d Y,/
d¢ and dX,/d¢ in Eq. (6). Also, because the left hand
sides of Eq. (6) are independent of radius, so too are
the right hand sides and, with Eq. (3), it then follows
that the diffusive fluxes G, and Jgir, are individually
independent of radius. This result was used in the deri-
vation of Eq. (5).

Although G and Jgir are independent of radius r,
the same is not true of the fluxes Gy, J,, G and J. As
shown in Section 4.3 below, when the pressure gradient
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is non-zero, these actually vary parabolically across the
tube. Cross-sectional or tube-averaged values of G
and J; (denoted by overbars) can therefore be defined
by the relations,

R R
R*G, = / 2nrG,(r)dr 7RG = / 2nrG(r)dr  (8a)
0 0
B R B R
nR%J, :/ 2nrd(r)dr nRzJ:/ 2nrJ (r)dr (8b)
0 0

Integration of Eq. (6) from r =0 to r = R then gives,

(&)l o0
(%)~ X oy ooy o0

The subscript C indicates that the equations are only
valid in the continuum limit Kn — 0.

For Poiseuille flow, it is evident that the Stefan—-Max-
well equations take the same form whether written in
terms of the local fluxes at a given radius, as in Eq.
(6), or as tube-averaged values, as in Eq. (9). This is
not the case if, as in Kerkhof et al. [10], the species
shear-stress-difference term (the term in large square
brackets in Eq. (A2.6) in Appendix 2) is included. The
subsequent analysis is then much more complicated
and any improvement in accuracy is obtained at a high
price.

4.3. The pressure gradient

Application of the force-momentum principle to a
cylindrical control volume of radius r and length 8¢
gives,

oG/p)\ _ 2% 2 / @
2nr(,u 3 =nr af+a§ | 2mr ’ dr (10)

where G depends on the radius but p and p are functions
of & only. The final term represents the streamwise var-
iation of momentum flux and only occurs in multi-com-
ponent flow because diffusion causes the mixture density
to vary along the tube. Dullien and Scott [24] have pro-
vided an interesting analysis of the effect of this term
when the pressure gradient is zero. Their findings show
that, specifically for fully-developed flow in long capillar-
ies, the term can be neglected.

Accordingly, integration with respect to r of Eq. (10)
without the final term gives

G(r) = G(R) + p (Rz 4; rz) (7 j—‘gf) (11)

which shows that the mass-mean profile is parabolic (as
in single-component flow) but is generally non-zero at
the wall. From Eq. (8a) the total tube-averaged mass
flux is

— pR? dp

G—G(R)‘i’@( dg’) (12)
From Eq. (3a) the component fluxes are given by
G,(r) = Y,G(r) + Gy which shows that G, also varies
parabolically with r. It then follows from Eq. (8a) that
the tube-averaged values are related by G, = Y,G+
Garrs (i.e., exactly the same form as the local
relationship).

The simplicity of the above analysis is a result of
working with a mass formulation throughout and
should be contrasted with the relentless complexity of
the hybrid mass/molar derivation by Jackson in Chapter
4 of [8]. Transformation to the molar form is easily
achieved by noting that G;= MJ; and hence G, =
MJ,. In general, of course, G # MJ (where M is the
mean molar mass).

Substituting from Eq. (5a) for G(R) in Eq. (12), and
using G, = Y,G + G, to eliminate Gy, gives the de-
sired expression for the pressure gradient, given here in
both mass and molar forms:

dp - 8u
=) =-4 MG, Ac=————s
<d6>c M, R Y M

(13a)

dp 127 8u
PV~ A S MVT, Ae=——F  (13b
(dé) . ¢ Z s TCT R X M (13b)

With properly specified tube-end boundary conditions
(various allowable combinations of concentrations and
fluxes), there will be N unknowns and these will be
fully-specified by Eq. (13a) or (13b) and the N — 1 inde-
pendent versions of Eq. (9a) or (9b).

4.4. Continuum flow of a binary mixture

It is interesting to examine the reduction of Egs. (9)
and (13) for the case of a binary mixture. For the case
of zero pressure gradient, dp/dé =0, G and J are con-
stant over the tube cross-section and Eq. (13b) reduces
to the relation
J M,

P 14
A 2 (14)

which is known as Graham’s law of diffusion. This was
deduced by Graham around the middle of the 19th cen-
tury from his experiments on gas diffusion and has been
confirmed with reasonable accuracy by the later experi-
mental work of Hoogschagen [25], Scott and Cox [26],
Rothwell [5] and others. Eq. (14) is a direct result of
introducing Eq. (5a) for the wall slip flux G(R) into
Eq. (12). If G(R) were set equal to zero, then Eq. (14)
would be replaced by J,/J, = —M, /M, which is not in
agreement with experimental measurements. Fig. 2a
provides an illustration of Eq. (14) for the constant pres-
sure counter-diffusion of air and hydrogen.
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Fig. 2. Counter-diffusion of air and hydrogen in a tube. Flux
profiles for: (a) zero pressure gradient, (b) equimolar diffusion.
All fluxes non-dimensionalised by the molar slip flux. In (a)

sz/jAjr = 7\/MAir/MH3 = -3.78.

Another simple binary flow of interest is tube-aver-
aged equimolar counter-diffusion. For this situation,
Eq. (9b) reduce to

.71 :*72:*CD12d§—61 (15)
Substituting into Eq. (13b) and integrating along the
tube gives the overall pressure difference Ap. Assuming
pure species 1 at one end, pure species 2 at the other,
and constant u and D,, Ap is easily shown to be given
by the Kramers and Kistemaker result,

Ap=4'[j£12 In (Z:) (16)

which is half the value obtained if diffusion slip is
neglected. Kramers and Kistemaker also made experi-

mental measurements of Ap for the equimolar counter-
diffusion of hydrogen and air and found agreement with
Eq. (16) to within about 30%. The discrepancy may have
been due, in part, to the fact that the viscosity u was not
constant along the tube because of the variation in gas
mixture composition.

As equimolar counter-diffusion requires a pressure
gradient, the fluxes vary parabolically across the tube
as shown in Fig. 2b for the case of air and hydrogen.
The calculations were performed by the method de-
scribed in Section 7.3 below. It is interesting to note that
although the H, flux is negative near the walls, it is actu-
ally positive in the central region where the negative dif-
fusive flux is outstripped by the positive convective flux.
Such behaviour, and the importance of specifying tube-
averaged values in certain theoretical work does not
seem to be generally appreciated.

In summary, it can be stated that the available exper-
imental evidence provides quite good support for the
theory of diffusion slip in continuum flow.

5. Free-molecule flow in a straight tube
5.1. Kinetic theory solution

Free-molecule flow occurs when the species mean free
paths are much greater than the tube diameter (Kn > 1)
so that wall collisions dominate over inter-molecular
collisions and each gas species behaves independently.
Using kinetic theory, an equation can be derived relating
the s-species total molar flux J; to the molar concentra-
tion gradient de/d¢, see Kennard [14]. Assuming that
the tube length is much greater than its diameter and
the flow is isothermal, the result is

(2 = f;) 2Rwy deg

Jo=- 1 3 ds ~(x)

%
sdgv

(17)

where R is the tube radius and f; and w; are, respectively,
the diffuse reflection coefficient and mean molecular
speed of species-s molecules. It should be noted that J
is not quite uniform over the tube cross-section and
Eq. (17) gives the tube-averaged value. (Dg);, is often re-
ferred to as the Knudsen diffusion coefficient but this is
misleading because Eq. (17) is a relation for the total,
rather then the diffusive, flux. From Eq. (Al.2) in
Appendix 1

2— 1) 2R (8R,T\'?
o0, =225 (5) (18)

and it is important to note that (D) is inversely propor-
tional to M!/%.

Schneider [6] expanded Eq. (17) into a diffusion flux
involving the mole fraction gradient and a forced flux
involving the pressure gradient. This is analytically




J.B. Young, B. Todd | International Journal of Heat and Mass Transfer 48 (2005) 5338-5353 5345

correct but the diffusion fluxes do not sum to zero. If,
however, the procedure of Section 3 is applied, as in
Rothwell [5], it is found that the true diffusion coeffi-
cients depend on the mole fractions and flux ratios,
which is clearly undesirable. It is therefore best to work
with Eq. (17) as it stands.

For each of the N species, there is one equation of the
form of Eq. (17). With properly specified tube-end
boundary conditions, these are sufficient to solve for
the N unknowns. However, to obtain equations for tran-
sitional Knudsen numbers, it is necessary to interpolate
between the continuum and free-molecule limits. Egs.
(9) and (13) for continuum flow and Eq. (17) for free-
molecule flow have different forms and this creates an
interpolation problem which is awkward to solve cleanly
and elegantly.

The way forward is to note that ¢, = Xp/R,T and to
expand Eq. (17) to give

RT - [ dx, dp
(DK)SJS— (p R E +Xxdi) (19)

This is similar to Schneider [6] but the intent is different.
Summing over all components gives, in mass and molar
forms, the following equations for the pressure gradient

(for £, = 1),

(di’) = —Ax > MG,
dé) . -

R,T 3 (7R, T\"?
Aev = g _ g 20
5 (Do) M7 4R( 2 ) (20a)
dp 1277
L) =-4 M2
(), =3,

R,T 3 /7R, T\"?
Ay = — ¢ = (== 20b
<= Do) M7 4R( 2 ) (200)

The subscript K indicates that Eq. (20) are only valid in
the limit Kn — oo. It will be noted that neither the case
J =0 nor G =0 corresponds, in general, to zero pres-
sure gradient in free-molecule flow. Substituting Eq.
(20b) into Eq. (19), using p = cR,T and rearranging
gives

J, J

dXS — S
<& =52 b, o, @)

P

which may be written more informatively (together with
the mass version) as:

@oslEw] e

Egs. (20) and (22) have exactly the same form as Eqs.
(13) and (9) for continuum flow.

5.2. Free-molecule flow of a binary mixture

For a binary mixture with zero pressure gradient, Eq.
(20b) reduces to
h__ M (23)
Jo M,
which is often referred to as Graham’s law of effusion
although it was actually Knudsen who established its
validity. Given that Graham’s experiments were exclu-
sively in the continuum regime, it seems only fair that
the ‘law’ should be renamed to give Knudsen the credit.

Eq. (23) is the same as Eq. (14), although the theory
leading to each is quite different. Early papers expressed
the hope that measurements of J; /J, in a constant pres-
sure counter-diffusion test on a sample of porous mate-
rial would yield a value of the mean pore radius but this
is clearly not possible given the same square-root rela-
tionship at both limits.

6. Flow at arbitrary Knudsen number

No simple theory exists for flow at transitional
Knudsen numbers. The problem, which really requires
solution of the species Boltzmann equations, is notori-
ously difficult and all simple forms found in the litera-
ture are actually based on mathematical interpolation
rather than physical principles. However, even the inter-
polation procedures are often unclear because of the
asymmetry of the continuum and free-molecule equa-
tions. Here, the equations have been deliberately manip-
ulated so that Eqgs. (9) and (22) for the continuum and
free-molecule mass or mole fraction gradients, and
Egs. (13) and (20) for the pressure gradients, have a high
degree of symmetry. Choosing a suitable interpolation
method is then much more obvious.

6.1. Interpolation for the massimole fraction gradients

A comparison of Egs. (9) and (22) shows that the ba-
sic requirement of any interpolation procedure is the
specification of a coefficient (D), for arbitrary Knud-
sen numbers Kn such that (Du),. — (Dg), as Kn — 0
and (Da)y — (Dk), as Kn — oo.

The definition of the Knudsen number is to a certain
extent arbitrary, although it obviously has to represent
the ratio of a mean free path to the tube radius. If a
mean free path /, is defined by the kinetic-based expres-
sion Z, = (v2n n %), then (Dg),, from Eq. (7) and
(D), from Eq. (18) with f, =1 are related by

D 9 M\
((Dlj())jr = ﬁ (1 + _> Kng, = Cernsr (24)

M,
where Kn,, = A,/R and the coefficient C,. is of order
unity. In practice, it is more useful to absorb Cj, into
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the definition of the Knudsen number. Accordingly, a
diffusion Knudsen number is defined by the relation,
(KnD)sr = (DB)S)‘/(DK)S'

The simplest interpolation formula fulfilling the basic
requirement is

(Dg),,

Pa)e = T3 Koy

(25)

which is often expressed in the Bosanquet form, see
Pollard and Present [27].

N B
(Da),,  (Ds),  (Dx),

(26)

It must be emphasised that Eq. (26) has no physical ba-
sis and about the only evidence to suggest that it might
provide accurate interpolation is the good agreement re-
corded by Pollard and Present with their mean free path
theory of the self-diffusion coefficient.

The interpolated forms of Eqgs. (9) and (22) for use at
any Knudsen number are thus:

dy, _ Y.G, _ Y,G, .
U *ZLDA)W <DA>S,J (278)
o, XTI X,

T _Z{(DA)H (DAJ (270)

It should be noted that (Da), # (Da),s €Xcept when
M,=M,.

6.2. Interpolation for the pressure gradient

Specifying a bulk or viscous flow term at arbitrary
Knudsen number has always caused problems. Thus,
Kerkhof [9], with inspired phraseology, accuses the
authors of the DGM of trying to talk an extra viscous
term into an equation which already contains the same
term! It is a particular feature of the present work that
this problem does not arise because the deliberate sym-
metry of Egs. (13) and (20) can be exploited to provide
an obvious method of interpolation for the pressure gra-
dient at any Knudsen number.

As before, a mean free path / is defined by a kinetic-
based expression, in this case u = (p w 4)/2, where u is
the mixture viscosity and w is a mean molecular speed
defined by Eq. (A1.2) with M, replaced by the mean mo-
lar mass M =Y X;M,. The ratio of the coefficients Ac
and Ag in Egs. (13) and (20) can then be written

Ac 64 (XXM, )

A

=—-=__"__=(CK 28
A3 (N XM7P) R n (28)
where Kn = /R is another Knudsen number and C is a
constant of magnitude 5-10. This somewhat larger con-
stant can be absorbed into the definition of a pressure
Knudsen number, Knp = Ac/Ax.

The simplest interpolation formula giving the correct
limiting behaviour is, therefore,

Ac

Ap = 29
A 1 + KI’ZP ( )
or, alternatively,
1 1 1
A At (0

The expressions for the pressure gradient at arbitrary
Knudsen number are then

dp Z 1274

diéz 7AA g MS Gs (313.)
dp Z 127

diﬁz 7AA g MS_ J_,v (31b)

With the appropriate tube-end boundary conditions,
Eqgs. (27) with (26), and (31) with (30) completely specify
multi-component flow in a straight tube at arbitrary
Knudsen number. It is worth re-iterating that the inter-
polation prescriptions defined by Egs. (26) and (30) are
arbitrary and that there are no a priori theoretical rea-
sons for supposing that they provide a good representa-
tion at transitional Knudsen numbers.

7. Flow in porous solids
7.1. The governing equations

The analysis so far has been concerned with flow in
straight capillary tubes and the extension to porous sol-
ids is not straightforward. The simplest approach is to
introduce two parameters, the porosity ¢ and tortuosity
7, which take account, respectively, of the connected
void space in the medium and the extended length of
the pores due to their circuitous paths. The porosity
can usually be measured directly but the tortuosity is
treated as an empirical parameter to be obtained indi-
rectly from certain types of flow experiment and the suc-
cess of the model depends largely on whether the
tortuosity remains constant over the required range of
interest.

Only the simplest structures (which, by their assumed
uniformity are plainly not representative of real porous
material) can be modelled rigorously. Epstein [28] dis-
cusses the correct implementation of ¢ and 7 into the
equations and his approach is followed here. If distance
¢ is measured along a pore and z normal to the porous
slab surface, then t=d¢/dz and is assumed constant
through the material. The pore-averaged fluxes (denoted
by overbars) are then related to the fluxes crossing unit
area of slab (denoted by tildes) according to

G, =-G, J, =<7, (32)
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Noting that d/d¢ transforms as (1/7)d/dz, Egs. (27) and
(31) become, in the mass formulation,

S &Y w0, o, -
T_sz % — 4, ZS:MEI/ZE?S (33b)
and in the molar formulation,

" - oo (f)” )
?82 % — Ay Z:M;/zjs (34b)

Egs. (33) or (34) represent the complete set of governing
equations for the convective-diffusive flow in a porous
medium at arbitrary Knudsen number. Compared with
other forms found in the literature, their simplicity and
compactness is striking. The flow coefficients Dn are
given by Eq. (26) with Dg from Eq. (7) (or an appropri-
ate empirical expression) and Dk from Eq. (18). The
pressure gradient coefficient 4, is given by Eq. (30) with
Ac from Eq. (13) and Ak from Eq. (20). The pore radius
R which appears in the expressions for Ac, Ax and Dy is
interpreted as a mean value to be determined experimen-
tally. The parameters ¢ and 7 enter in the combination
&/1° (often derived incorrectly as &/7) and can be treated
as a single scaling parameter if desired. Alternatively, it
is often informative to separate the effects of ¢ and
because ¢ can usually be measured quite precisely.

By combining the (a) and (b) forms of Eqs. (33) or
(34) in various ways, it is possible to make comparisons
with other models in the literature, particularly the
DGM, MPTM and BFM. This is an instructive exercise
but will not be carried further here as the main objective
is to focus on the attributes of the CPIM formulation.

7.2. Interpretation of the CPIM equations

In order to apply the CPIM theory, it is necessary to
obtain values of R and ¢/* for the porous solid of inter-
est. The same is true for all the other theories, although
the empirical parameters may appear in different guises
depending on the assumptions of the theory and method
of presentation of the equations. In order to obtain
information, it has been traditional to perform experi-
ments to measure the effective diffusivities of the gases
and the permeability of the medium, and most studies
start from such measurements.

The term effective diffusivity refers to a modified form
of the flow coefficient D, in which the factor &/t> has
been absorbed. Concealing the physical origin of &/t
in this way is not a good strategy, however, particularly
as the factor also appears in the pressure gradient
equation.

Permeability is a measure of the resistance to the flow
of a single gas component through the porous sample.
Thus, the permeability K, of gas species-s is defined by
~ K
J= K dp

R.T dz

all other species being absent. For the CPIM, Kj is given
by rearranging Eq. (34b) and introducing Eq. (13b) for
Ac and Eq. (20b) for Ax with the result

K. = R,T (L + L) £
S \/]7v AC A K 72
_ |Rp 2 (8R,T\'?

T ( M, )
Permeability measurements are always extrapolated to
zero pressure and Eq. (36) shows that, for the CPIM,
this provides a measure of the combined parameter
Re/7*. The permeability expressions for the DGM and
MPTM are similar, thus confirming that permeability
measurements on their own cannot separate the fundamen-
tal parameters characterising the porous medium.

There is no need, however, to set about the analysis
in this way and the special form of the CPIM equations
suggests a completely different approach and interpreta-
tion which will now be described. Working with the mo-

lar formulation, Eq. (34), it can be seen that /7> can be
eliminated by dividing Eq. (34a) by (34b) to give

dx

—CAA ZMj/sz dps = Z

r

(35)

Re
2

(36)

XJ,  XJ,

(DA),s (D),

(37)

and there are N — 1 independent equations of this form.

Consider the common situation when p and the Xj
values on each side of the porous sample are given
(i.e., at z=0 and z= L), and the N fluxes j\. are un-
known. In principle, Eq. (37) can be integrated across
the sample to give N — 1 independent equations relating
the overall changes Ap=p(L)—p(0) and AX;=
X{(L) — X; (0). Clearly these equations are insufficient
to solve for the N fluxes but they are sufficient to solve

for the N — 1 flux ratios (i.e., J/J, etc).

The only empirical parameter in Eq. (37) is the mean
pore radius R (which appears in the coefficients 4, and
Dp). The CPIM formulation has therefore allowed the
remarkable prediction that, for fixed pressure and mole
fraction boundary conditions, the flux ratios are inde-
pendent of the porosity and tortuosity and only depend
on the mean pore radius. In other words, apart from the
mean pore radius, the structure of the material plays no
part in deciding the flux ratios: for the same boundary
conditions, a straight capillary of radius R should be-
have in the same way as a porous solid with mean pore
radius R.

Of course, the absolute flux magnitudes do depend
on ¢ and 7, and integration of Egs. (33a) or (34b) can
be used to calculate the chosen reference flux. This is
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the only point when &/t> and the spatial co-ordinate z
enter the calculation and suggests an obvious physical
interpretation for ¢/ as a spatial scaling factor. Indeed,
by defining a scaled length variable 2’ = zt%/e, Eqs. (33)
and (34) become identical to Eqgs. (27) and (31) for the
flow in straight capillaries. This is a much better physical
interpretation of &/t than the usual interpretation in
terms of modified gas diffusivities and permeabilities.

7.3. Comparison with experimental measurements for
binary flow

The ideas of the previous section become much
clearer in the special context of binary diffusion which
also allows validation of the concepts by comparison
with experimental measurements. Thus, for binary flow,
the integrated form of Eq. (37) can be written

A g

Ap = —dX 38
=[G (382)
X, X, j] jl VR

F = — = G=—cA ?\/M + M
(Da)y (D) 2 * |:J2 1 2]

(38b)

For a known AX; and an assumed value of mean pore
radius R, Eq. (38a) can be integrated numerically. If a
starter value of J 1/ J » 1s specified, a procedure can easily
be devised whereby the flux ratio is adjusted until the
correct value of Ap is obtained. By comparing theoreti-
cal and experimental values of flux ratio as described be-
low, the mean pore radius R can be deduced. Knowing
R, Eq. (34b) for a binary mixture can be integrated
across the sample to give

_ e p(L)

7, - PGWWM)] & (39

L Jp0)

and ¢/7* can be determined by comparison with absolute
flux measurements. Alternatively, permeability measure-
ments can be used for the same purpose. It is interesting
to note that, for given R, Ap and AX;, Eq. (39) predicts
that the absolute fluxes are proportional to &/t°L.

This procedure can be illustrated by reference to the
experimental measurements of helium-argon counter-
diffusion performed by Evans et al. [29-31]. The first
paper describes flow measurements in ‘specimen B’
which was a porous graphite material with high perme-
ability and large pore size, while the second and third
papers describe experiments in ‘specimen A’ which was
also graphite but had a much lower permeability and
smaller pore size. Careful study of the published data
shows that the measurements were extremely consistent
and confirms the high reputation of the work. A full
description of the experiments and tabulations of the
data can be found in the papers.

Of particular interest are the experiments performed
on specimen A at various mean pressures. Table IV of
[30] lists 9 tests conducted with zero pressure difference
across the sample (Ap = 0). However, as mentioned ear-
lier, constant pressure tests cannot be used to deduce the
mean pore radius because the square-root relation ap-
plies at both continuum and free-molecule limits and,
according to the adopted interpolation procedure, at
intermediate conditions also. Of more interest, there-
fore, are the measurements listed in Table I of [31] which
refer to tests with both positive and negative pressure
differences, performed at mean pressures of 1.49, 1.96,
2.97, 3.98 and 4.93 atm. CPIM calculations were per-
formed for all the tests but only the results relating to
the 1.49 and 4.93 atm experiments are presented here.
Table I of [31] lists values of pressure difference Ap
and it is stated in the text that the argon mole fraction
difference was AX s, = 0.963. Apart from standard data
required to calculate the viscosity and binary diffusion
coefficients of helium—argon mixtures using the methods
of Wilke and Fuller as described by Poling et al. [17],
this is all the information required for the application
of Eq. (38).

The results of the calculations are shown in Fig. 3 to-
gether with the experimental measurements of the molar

-
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Fig. 3. Helium-argon counter-diffusion through graphite:
Specimen A of Evans et al. [31]. Molar flux ratio versus
pressure difference. Experimental data: solid circles. CPIM
calculations for R=0.25, 0.30, 0.35, 0.40, 0.45 um. Mean
pressure = 1.49 atm (top), 4.93 atm (bottom).
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flux ratio J ; / J e obtained from the data of Table 1 in
[31]. Fig. 3 shows tests at mean pressures of 1.49 atm
and 4.93 atm. It can be seen that, contrary to common
belief, it is perfectly possible to deduce a value of the
mean pore radius from experimental determinations of
the flux ratio so long as measurements with non-zero
pressure gradient are available. Indeed, the various the-
oretical curves plotted show that R can be deduced with
considerable accuracy. An interesting feature of this
method of presentation is the crossing of the curves at
Ap = 0 providing a graphic illustration of the indetermi-
nacy of R at this condition. Good agreement was also
obtained for the other tests not shown here and an over-
all assessment provided an estimate of R=0.35+
0.02 um which is consistent with the description of spec-
imen A given by Evans et al. [30].

Calculations of the absolute molar fluxes from Eq.
(39) were then used to deduce the magnitude of the tor-
tuosity using R = 0.35 pm and the values of ¢ = 0.11 and
L =4.47mm given in [30]. The results, also for mean
pressures of 1.49 and 4.93 atm, are shown in Fig. 4. As
before, the consistency of the data is very good and an

Molar fluxes J(He), J(Ar) x 1000 (mol/m*2.s)
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Fig. 4. Helium-argon counter-diffusion through graphite:
Specimen A of Evans et al. [31]. Total molar fluxes versus
pressure difference. Experimental data: solid circles. CPIM
calculations for R = 0.35 um and tortuosity = 25.0, 29.0, 33.0.
Mean pressure = 1.49 atm (top), 4.93 atm (bottom).

overall assessment at all pressures gives an estimate of
T =28.5 4+ 1.0. Although this seems very high for a tor-
tuosity, the corresponding value of &/7> = 1.35x 10™* is
entirely consistent with the value of 1.42 x 10~ quoted
in Table IIT of [30].

As noted above, once the mean pore radius has been
found, individual gas permeability measurements can
also be used to deduce the value of ¢/7>. Table II in
[30] lists permeability data for helium at various pres-
sures and these are plotted, together with data for argon,
in Fig. 1 of Evans et al. [31]. CPIM calculations using
Eq. (36) with R=0.35um, ¢=0.11 and © = 28.5 were
carried out and Fig. 5 shows a comparison of the results
with the experimental data. Excellent agreement is dis-
played except for helium at very low pressures. As
shown, these data points correspond to very high values
of the pressure Knudsen number (Knp = Ac/Ag). This
suggests that the free-molecule theory might need atten-
tion, although it should be noted that the argon data at
similarly low pressures (but not quite so high Knudsen
numbers) agree well with the theory.

The experimental results for specimen B are pre-
sented in Evans et al. [29] but the data are much less

Permeability x 10° (m%/s)

'Pressure' Knudsen number

Mean pressure (bar)

Fig. 5. Permeability of helium and argon in specimen A of
Evans et al. [30,31]. CPIM calculations for R =0.35pum,
¢=0.11, 7= 28.5. Experimental data: solid circles. ‘Pressure’
Knudsen number defined by Knp = Ac/Ak.



5350 J.B. Young, B. Todd | International Journal of Heat and Mass Transfer 48 (2005) 5338-5353

extensive than for specimen A. The porosity was mea-
sured as ¢=0.22 and the specimen thickness was
L =3.80 mm. 18 constant pressure tests are listed in
Tables I and II of the paper but there are only 4 tests
with non-zero Ap. CPIM calculations for these tests
using Eqs. (38) and (39) gave R=3.74, 3.82, 3.92 and
4.02 um, and t =4.95, 4.99, 5.04 and 4.88. Despite the
minimal data, these values are very consistent and the
tortuosity agrees closely with the value 5.08 quoted in
the paper.

8. Summary and conclusions

In developing the CPIM, the original intention was
to clarify the theory of multi-component diffusive flow
in porous materials. What has emerged, however, is a
unified treatment which provides a more satisfactory
way of interpreting the empirical parameters and equa-
tions characterising flow in such a medium.

Continuum diffusion in capillaries has been dealt
with in some detail. A most important aspect is the wall
boundary condition as this is the source of Graham’s
square-root law of diffusion. A re-examination based
on Sutherland’s theory of momentum transport in gas
mixtures (Appendix 1) gives the same continuum solu-
tion as the original theory (Eq. (5)). Further progress
will require more elaborate approaches based on the
Boltzmann equation.

The Stefan—-Maxwell species-momentum equations
have also been re-examined and recast in a form high-
lighting the approximations involved in their derivation
(Appendix 2). It is concluded that modelling the ne-
glected shear stress terms simply complicates the analy-
sis without providing any proven advantage. Integration
of the Stefan-Maxwell equations over the pore cross-
section shows that the local and pore-averaged forms
are identical (Eq. (9)), an extremely useful result which
would be lost if extra terms are included. The analysis
is completed by application of the force-momentum
principle giving the pressure gradient in terms of the
component fluxes (Eq. (13)). The special case of binary
flow has been discussed and examples of flux profiles
with diffusion slip are given in Fig. 2.

The treatment of free-molecule flow is standard, but
the algebraic re-arrangement to give Egs. (20) and (22)
is not. These equations are identical in form to Egs.
(13) and (9) for continuum flow and it is this correspon-
dence which underpins the interpolation procedure to
arrive at Eqs. (27) and (31) for flow at arbitrary Knud-
sen numbers. The method of derivation is unambiguous
and there is no question of introducing further viscous or
bulk flow terms as is seen so often in the literature.

The extension to flow in porous solids is achieved in
the usual way by introducing the porosity and tortuosity
which combine into a single factor &/t>. Unlike other

treatments, however, this factor is not absorbed into
the gas diffusivities and flow permeability. Instead, it is
shown that ¢/z> can be eliminated between the Stefan—
Maxwell and pressure gradient equations to give the fas-
cinating prediction that the flux ratios are defined com-
pletely by the mean pore radius and inlet/outlet
boundary conditions, and are independent of ¢ and t.
It is only the absolute flux magnitudes which depend
on &/7> and this parameter acquires a much clearer phys-
ical significance when it is viewed as a scaling factor for
the length co-ordinate rather than a modifier of the gas
diffusivities. In the CPIM theory, the latter depend only
on the mean pore radius R.

For clarification and validation purposes, CPIM
calculations have been compared with the extensive
experimental data of helium-argon counter-diffusion
obtained by Evans et al. [29-31]. As shown in Figs. 3—
5, the agreement between theory and measurement is
extremely good. In particular, it has been shown that,
contrary to common belief, very consistent estimates of
the mean pore radius can be obtained by measuring flux
ratios at non-zero pressure differences. It is only for the
special case of constant pressure counter-diffusion that
the evaluation of the mean pore radius is indeterminate.

It is hoped that the work described in this paper not
only clarifies the theory of diffusion in capillaries and
porous solids but also indicates a more effective way of
approaching experimental data analysis and the inter-
pretation of the empirical parameters used to describe
flows in porous solids. There are clearly many interesting
avenues to explore using this type of approach in inves-
tigating the behaviour of more complex multi-compo-
nent mixtures both with and without chemical reaction.

Appendix 1. Sutherland’s viscosity theory and the wall
boundary condition

The mean free path of an s-molecule is given by

s = W {Z v} 7 (A1.1)

where w; is the mean speed of an s-molecule and vy, is the
collision frequency between the r-molecules and a given
s-molecule. From equilibrium kinetic theory,

8R,T\ "
W, = (ﬁ) (A1.2)
and, for hard sphere molecules,
1 1\112
Vg = 1,02, {SRRgT(f + ﬁ)} (AL1.3)

where n, is the r-molecule number density and oy, is the
mean diameter of s- and r-molecules. It should be noted
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that Eq. (A1.3) holds also for r =, see Chapman and
Cowling [32].

Sutherland considered the viscosity of a non-diffusing
gas mixture. With reference to Fig. Al.1, his approach is
equivalent to the assumption that, before crossing the
plane y =0, each s-molecule makes its last collision at
a distance /, = CJ, above or below the plane. It is also
assumed (the weakest part of the theory) that each mol-
ecule acquires there, on average, the local value of the
species velocity. Performing the analysis just as for a sin-
gle-component gas, see Chapman and Cowling [32], the
dynamic viscosity of a gas mixture u follows as

=3 (25%)

where C is assumed to be unity to conform with the
Chapman-Enskog hard sphere result for a single-com-
ponent gas. Eq. (A1.4) is a generalised version of Eq.
(8) of Sutherland [15]. Using Eqgs. (A1.1)-(A1.3), it can
be manipulated into the form

p=> [Xsux/ ZXa}

where u, is the viscosity of pure species-s at the same
temperature and the oy, are given by

o\ (M, + M\
= () (527)
In practice, Sutherland found that Eq. (Al.5) needed
empirical adjustment to give agreement with experimen-
tal data. He therefore replaced the oy, by ¢, where
¢y = [2M,/(M,+ M) with m =0.75. Later work by
Wilke [16] suggested that m =1 gave better accuracy.
With this modification, the viscosity is still given by
Eq. (A1.4) if A, is taken as

(Al.4)

(A1.5)

(A1.6)

oA

A, >/ u(0) +/15Z_;{
0 »/ u(0)

. > — Ay du

A u0) - 2, 4

Fig. Al.l. Illustrating viscosity analysis in the bulk: s-mole-
cules make their last collision around y = £ A; before crossing
the plane y = 0.

-1
/15 = Wy |:Z ¢srvSl‘:| (Al 7)
Consider now the flow of a gas mixture over a solid wall
with velocity gradients normal to, and concentration
gradients parallel to, the wall (Fig. A1.2). The assump-
tion is made that s-molecules make their last collision
before impacting the wall at y = CA, with A; given by
Eq. (A1.7) and C=1 (for consistency with the above
theory). It is also assumed that each s-molecule acquires
the average species velocity at this location. This velocity
is given by [u, + A,(0u,/dy)y] where uj,, is the effective
wall slip velocity of component s and (du,/dy),, is the
effective gradient of u, at the wall. Noting that the molec-
ular mass flux to a surface is p,w,/4, the streamwise
momentum flux lost to the wall by impacting s-mole-
cules is

(A1.8)

where f is the diffuse reflection coefficient. Summing over
all components gives the total momentum flux lost to the
wall which, in macroscopic terms, is the wall shear stress
Tw. Then, assuming that the shear stress remains con-
stant out into the continuum region, it follows that

Ws , (Ouy Ouy
we SR () | <u(G), 1)

where u,, is the mass-mean velocity and u is the dynamic
viscosity of the gas mixture.

Xs

Streamwise distance

y us(y) //

u(y) / ags /]
L

Uy Us,w Velocity

Fig. A1.2. Hllustrating the wall boundary analysis: s-molecules
make their last collision around y = A; before impacting the
wall at y = 0. Dotted lines represent extrapolations to the wall.



5352 J.B. Young, B. Todd | International Journal of Heat and Mass Transfer 48 (2005) 5338-5353

For Poiseuille flow, the uqs are constant across the
tube. Hence Ougig/0y =0 and Ou,/dy = du,,/0y. Using
this relationship and Eq. (Al.4) for p (i.e., assuming
the viscosity is unchanged by simultaneous diffusion):

6 m
D fiphat =D (2 - f;)pswsis( a”y ) (A1.10)

s

It should be noted that the Sutherland model only enters
via Eq. (A1.7) for 4. Eq. (A1.10) is valid for slip flow
but here the interest is in the continuum limit where it
becomes

Z}ipsfvsusw

Introducing G; and J; from Eq. (4), noting that G, =
Gy + Gaigrs and Jgy = Jy + Jains and substituting Eq.
(A1.2) leads to Eq. (5) in the main text if it is assumed
that the f; are all the same.

= ZJ[A\'MA‘CA\'WSU&W =0 (All 1)

Appendix 2. The species momentum equation

The momentum equation for gas species-s is best ob-
tained directly from kinetic theory as this emphasises the
approximations involved. Working in three space
dimensions, the i-component of velocity of a molecule
of species-s is denoted by (c,); and this is represented
in the conventional way as the sum of the i-component
mass-mean velocity (u,,); and a random velocity (Cy);.
Thus:

(Cs)i = (um)i + (CS)I’

and the mean values of (¢;); and (Cy); are (uy); and
(ugir,s)s» respectively (see after Eq. (4)).

A clear derivation from the Boltzmann equation of
the species mass and momentum conservation equations
is given by Vincenti and Kruger [33]. Using the present
notation with the Einstein summation convention, the
equations are (in the absence of body forces):

(A2.1)

op, O B

o T )] =0 (A2.22)
0 0

5[/%(”5)1'] +a- @ [ps Cs E Asr ms t (A2'2b)

where the term on the right hand side of Eq. (A2.2b)
represents the momentum transferred to the s-molecules
by collisions with molecules of all other species.

Substituting Eqs. (A2.1) and (A2.2a) into (A2.2b)
gives, after some manipulation,

D(un); | D(Gairry), O(un), (),
,05 Dt +T+ (des) a—x/ (Gdlffs) a—x/
o(ts),; Op
= A A2.
Ox; ox; Z srlme] (A2.3)

where D/Dt = 0/t + (u,,),0/0x;, (Gaifrs)i = pslUaifr.s)i i
the i-component of the diffusive mass flux, and (,); is

the contribution to the viscous shear stress from the s-
molecules formally given by

(TS)U’ = 7p.s(c~\')i(c-5')j + py0y (A2.4)

Summing over all components gives, as expected, the

overall momentum equation:
D(u,);, Ot; Op

Dr oy ax

where 7;; is the summation over all species of the (ty);.

Multiplying Eq. (A2.5) by the mass fraction Y|, sub-

tracting from Eq. (A2.3) and using the identity p; = Xip

gives the required exact form of the species momentum

equation:

(A2.5)

D(Gaisr s); O(um), O(um),
TS )i (Gl Guitr.), —m/i
Dt + (Ga) Ox; + (Gar.), Ox;
op (¢ ot, O(t),
X.—Y.)-L s Y\v i S\
+ X 3)@x,-er Ox; { " Ox; Ox; }

= Ayfmci] (A2.6)
Each term of Eq. (A2.6) sums over s independently to
Zero.

The simplest case is when all velocity gradients are
zero. Chapman—-Enskog theory then provides an expres-
sion for the term on the right hand side and Eq. (A2.6)
takes the form

ox, XJ X,

(A2.7)

where in the first Chapman-Enskog approximation,
(Dg),s = (Dp)s, is the binary diffusion coefficient of a s—
r gas mixture. Neglecting pressure diffusion (the second
term of Eq. (A2.7)) results in the basic form of the Ste-
fan—-Maxwell equations.

When the velocity gradients are non-zero the ques-
tion arises as to whether or not Eq. (A2.7), with or with-
out pressure diffusion, should be modified. In other
words, does viscous momentum transfer have a signifi-
cant effect on diffusive mass transfer? Plainly, there is
some effect because of the extra terms which now appear
in Eq. (A2.6) and because the collisional momentum
transfer term also needs modification. Whether or not
these effects are significant, however, is an altogether dif-
ferent matter.

Attempts have been made to include viscous momen-
tum transfer in the species momentum equation, most
notably by Kerkof [9] and Kerkof et al. [10]. However,
because of the rather ad hoc derivations, it is difficult
to assess the validity of the modelling in these papers.
For example, in their VPM theory, Kerkhof et al. [10]
start with Eq. (A2.3), ignoring all terms on the left hand
side completely while introducing a model for 9(z,);/0x;
which really requires more justification than is supplied.
Because of this term, the subsequent analysis becomes
very complicated and the physics is obscured.
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The present authors believe that if modifications are
to be introduced they should be based on Eq. (A2.6).
In these equations, the shear stress difference terms in
square brackets are clearly non-zero. However, whether
or not they have an appreciable overall effect will only be
revealed by detailed physical modelling in combination
with more accurate and extensive experimental measure-
ments. Given our current capability for modelling flow
in porous solids, it is felt that corrections to the basic
form (without pressure diffusion) of Eq. (A2.7) cannot
yet be justified. What is certainly true is that the addi-
tional complexity of the resulting analysis is highly
undesirable.
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